ABSTRACT
INTRODUCTION
In the research literature, two normal forms have been proposed for relational database design when the set of dependencies contains arbitrary join dependencies (JDs) [17] . The original, called projection-join normal form (PJ/NF) [10] , was motivated by the database design goal of avoiding update anomalies in a relation and a design satisfies PJ/NF if every JD is implied by the set of key functional dependencies (FDs). The second normal form is fifth normal form (5NF) 1 and a design satisfies 5NF if every component of every nontrivial JD is a key [13] . The motivation for 5NF was to extend the definition of fourth normal form (4NF) [8] in a natural fashion to the more general case where arbitrary JDs are present. In the literature there is also some confusion about these two normal forms and their relationship, with some sources claiming that 5NF and PJ/NF are equivalent [7, 12] , while in others [13] it is claimed that 5NF is weaker than PJ/NF. The purpose of this paper is to re-examine the definition of 5NF and to resolve the question of its relationship to PJ/NF.
The first contribution of the paper is to show, as first noted in [16] , that the definition of 5NF is incorrect because it does not satisfy the requirement that it generalises 4NF, i.e.
5NF is not equivalent to 4NF when every JD in the set of dependencies is a multivalued dependency (MVD) [8] . This requirement is based on the fact that 4NF has been shown to ensure desirable semantic properties of relations such as eliminating redundancy and update anomalies [9, 20, 22, 23] . In fact, we show that 5NF is equivalent to the condition that every attribute is a candidate key. This is a very stringent condition and is virtually unattainable in practical database design. We then demonstrate that the source of the difficulty with 5NF is a property of implied JDs that is not shared by implied FDs and MVDs. This property is that a JD always implies a JD obtained from adding an arbitrary number of components to the original JD and so the set of implied JDs includes JDs which have unnecessary or redundant components. To overcome this difficulty we introduce a new notion, called a strong-reduced JD. A JD is strong-reduced if when any component of the JD is removed, the resulting JD is either not an implied JD or does not contain every attribute in the relation scheme. Based on this concept, we propose a corrected and weaker definition of 5NF, called reduced-5NF (5NFR), which has the same definition as 5NF except that only strong-reduced implied JDs, rather than all 1 To be more precise, [13] also refers to this normal form as PJ/NF but it is referred to as 5NF in this paper to avoid confusion with the original PJ/NF and to be consistent with current usage [7, 12] .
implied JDs, have to satisfy the requirement that every component is a superkey. We then show that 5NFR has the desired property of generalising 4NF.
While 5NFR solves the original problem with 5NF, to use the definition directly involves the computationally difficult problem of having to generate the set of all implied strong-reduced JDs. A similar computational problem occurs in testing for Boyce-Codd normal form (BCNF) and 4NF since they are also defined in terms of the set of implied dependencies 2 . However it has been shown that only the FDs and MVDs in the set of dependencies have to be used in testing for BCNF [3] and 4NF [22] , thus resulting in efficient polynomial algorithms. The second contribution of the paper is to show that 5NFR also has the same property provided that the JDs in the set of dependencies are strong-reduced, thus also resulting in an efficient polynomial algorithm for testing for 5NFR. The last contribution of the paper is to investigate the relationship between PJ/NF, 5NF and 5NFR and thus settle the confusion on this issue in the literature. We show that 5NF is a strictly stronger condition than PJ/NF and that PJ/NF is strictly stronger than 5NFR.
The rest of the paper is organised as follows. Section 2 contains basic relational concepts and definitions. In Section 3, we firstly show that 5NF does not satisfy the requirement that it generalise 4NF. The notions of a strong-reduced JD and 5NFR are introduced and we show that 5NFR generalises 4NF. PJ/NF, 5NF and 5NFR are compared in Section 6 and it is shown that 5NF is strictly stronger than PJ/NF and that PJ/NF is strictly stronger than 5NFR. Finally, Section 5 contains some concluding comments.
BASIC DEFINITIONS AND CONCEPTS
We assume that the reader is familiar with basic relational concepts and the definitions of FDs and MVDs as given in standard database texts [13] . We now outline some of the basic results and notation that will be used later in this paper.
Functional and Multivalued Dependencies
A relation scheme is a set of attribute names. A set Σ of FDs and MVDs apply to a relation scheme R if all the attributes appearing in every FD and MVD are members of R.
In this paper we consider only a single relation scheme and we assume that a set of FDs and MVDs always apply to the relation scheme. The set of all relations which satisfy a set Σ of FD and MVD constraints is denoted by SAT(Σ). The set of attributes in a dependency d is denoted by ATT(d).
Given a set Σ of FDs and MVDs and an FD
. It has been shown [4] that it is possible to decide whether a set Σ of FDs and MVDs implies another FD or MVD by using a proof based on a finite application of rules taken froma finite set of inference rules. For the purpose of this paper, we recall the following inference rule from [4] .
A dependency is trivial in a relation scheme R if it is satisfied by every relation defined over R. It can be shown [13] A set of attributes X is a superkey for a relation scheme R if the FD X → R ∈ Σ + . X is a candidate key if it is a superkey and it has no proper subset X' such that X' → R ∈ Σ + . The set of key constraints, denoted by Σ k , is the set of all FDs in Σ + of the form K → R where K is a candidate key of R. Obviously, if a relation satisfies Σ then it also satisfies Σ k but the converse is not true. The set of all relations satisfying Σ k is denoted by SAT(Σ k ). Also, it is easily seen that a relation is in SAT(Σ k ) if and only if no two tuples in the relation have the same value for a candidate key.
Let R be a relation scheme and let Σ be a set of MVDs and FDs that apply to R. Then
X is a superkey, and (R, Σ) is in fourth normal form (4NF) if for every nontrivial MVD 
Join Dependencies
In this paper all JDs in Σ will be assumed to be total. We also note the following inference rule for determining when a total JD implies another total JD [5] . 
Tableau
A tableau is a matrix consisting of sets of rows [2, 14] . Each column in the tableau corresponds to an attribute in R. Each row consists of variables from a set V, which is the disjoint union of two sets
and V n is the set of nondistinguished variables (ndv's). Any variable can appear in at most one column, a dv must appear in each column and at most one dv can appear in a column.
A valuation is a function ρ that maps each variable to an element in DOM(A) where A is the column in which the variable appears. This is extended to a function from a tableau T to a relation over R in the obvious manner. Let Σ be a set of FDs and JDs (any MVD is treated as a JD). The chase is the result of applying the following transformations to a tableau T until no further changes can be made: 
Let chase Σ (T) be the tableau that results from applying the F-rules and J-rules until no more changes can be made. It can then be shown [14] that the chase always terminates and the resulting tableau is unique, independent of the sequence in which the rules are applied, up to a renaming of the ndv's.
We will use the following result [14] on the properties of the chase later in this paper: 
DEFICIENCIES WITH 5NF
We firstly recall the definition of 5NF [13] .
Definition 3.1. Let R be a relation scheme and let Σ be a set of FDs and total JDs.
Then (R, Σ) is in 5NF if for every nontrivial total JD σ ∈ Σ + , every component of σ is a superkey.
While not discussed in the original proposal for 5NF, one motivation for this definition, that of naturally extending the definition of 4NF, can be more easily seen from the following result. 
Proof.

If
Let X →→ Y be any nontrivial MVD in Σ + and let *[XY, XZ] be the equivalent JD.
Obviously this JD is nontrivial and total since X →→ Y is nontrivial and so both XY and XZ are superkeys by the 5NFR property. Hence XY → Z and XZ → Y are in Σ + and so, by inference rule A1, X → Y ∈ Σ + and X → Z ∈ Σ + and thus X → R ∈ Σ + and hence X is a superkey and so (R, Σ) is in 4NF.
Only If
Immediate.
The other motivation for 5NF is to minimise the storage cost of a relation. It is known that (R, Σ) is in 5NF if and only if the total number of values (including duplicates) appearing in any relation r defined over R is less than or equal to the total number of values in the relations formed by projection r on the components of any JD in Σ + [6] . In other words, 5NF guarantees that any relation defined over the scheme has minimum storage.
However we now show that 5NF it is not equivalent to 4NF when all the JDs in Σ are
MVDs and so violates the fundamental requirement that it generalise 4NF. In fact, 5NF is a very stringent requirement as we now demonstrate by showing that it is equivalent to the property that every attribute is a superkey.
Lemma 3.2. (R, Σ) is in 5NF iff every attribute in R is a superkey.
Proof.
If
Only If
Let A be an arbitrary attribute in R and consider Also, using inference rule A2, it is easily seen that removing a superfluous component from a JD that is not strong-reduced maintains equivalence and so, by repeatedly removing superfluous components, a cover containing only strong-reduced JDs can always be generated for any set of FDs and JDs. It also follows, using rule A2 again and Example 3.3, that the strong-reduced property is strictly stronger than the reduced property defined earlier in Definition 3.2. Based on this new notion, we now define a corrected definition of 5NF, which we call reduced-5NF ( 5NFR).
Definition 3.4.
Let R be a relation scheme and let Σ be a set of FDs and total JDs.
Then (R, Σ) is in 5NFR if for every nontrivial, strong-reduced and total JD σ ∈ Σ + , every component of σ is a superkey.
We now show that 5NFR achieves the desired goal of generalising 4NF.
Theorem 3.1. If R is a relation scheme and Σ is a set of FDs and MVDs then (R,
Σ) is in 4NF iff it is in 5NFR.
If
Immediate from Lemma 3.1 and noting that any nontrivial total JD of the form *[R 1 , R 2 ] is also strong-reduced.
Only If
Since (R, Σ) is in 4NF, then Σ is equivalent to a set of FDs where the lhs of every FD is a superkey so without loss of generality we consider Σ to be such a set. (otherwise a dv could not be generated in every column of ω), thus contradicting the assumption that σ is strong-reduced. Denote by T' the tableau in the chase computation just prior to the first application of a rule involving ω i using an FD K → R. Since this is the first application of a rule involving ω i , the ndv's in ω i are distinct from every other row and so, for the F-rule to be applied, K ⊆ R i and so R i is a superkey which completes the proof since R i was arbitrary.
As discussed earlier, a difficulty with the 5NFR property from a computational perspective is that using the definition directly to test if a scheme satisfies the property is expensive since the number of total strong-reduced JDs in Σ + can be exponential in the number of dependencies in Σ. This observation follows from the fact that the number of nontrivial FDs in the closure can be exponential [13] in the number of FDs in Σ and noting that the JD *[XY, XZ] corresponding to a nontrivial FD X → Y is nontrivial, strong-reduced and total. However, we now demonstrate that this problem can be avoided, similar to the BCNF and 4NF situations, by showing that 5NFR can be equivalently defined using only the dependencies in Σ.
Theorem 3.2. Let Σ be a set of nontrivial FDs and strong-reduced JDs. Then (R,
Σ) is 5NFR iff the lhs of every FD in Σ is a superkey and every component of every JD
in Σ is a superkey.
Proof.
If
Consider any strong-reduced JD S p ] is total. Also, both S and S' are superkeys because every S i is a superkey and because both S and S' contain at least one such component. The same argument used in Lemma 3.1 then shows that S ∩ S' is a superkey and so, since S ∩ S' ⊆ R i , R i is a superkey which completes the first part of the proof.
Only If
It is clear that since (R, Σ) is in 5NFR then every JD in Σ has the required property.
For the FD constraints, we suppose to the contrary that there is a nontrivial FD X → Y in Σ where X is not a superkey. This implies that there exists *[XY, XZ] in Σ + which is nontrivial and strong-reduced since X → Y is nontrivial and X is not a superkey. A simple application of the inference rules then shows that if X is not superkey then XY is not a superkey contradicting the 5NFR assumption.
A few comments on the above result are appropriate at this point. Firstly, the assumption that the JDs in Σ are strong-reduced does not place any restriction on Σ since, as noted earlier, every set of dependencies has a cover in which the JDs are strongreduced. Secondly, since it is known that determining whether an FD is implied by a set of FDs and JDs can be computed in polynomial time [15] , it follows that testing whether a set of FDs and strong-reduced JDs is in 5NFR can be computed in polynomial time.
We note though that the question of what is the computational complexity of determining if a JD is strong-reduced is open.
RELATIONSHIP BETWEEN 5NFR AND PJ/NF
In this section we examine the relationship between 5NFR, the new definition of 5NF presented in the previous section, and PJ/NF, the original normal form for JDs proposed by Fagin. Firstly, we recall the definition of PJ/NF.
Definition 4.1.
A relation scheme R is in PJ/NF if for every JD σ ∈ Σ + , σ is implied by Σ k ; in other words, satisfaction of the key constraints implies satisfaction of all other constraints.
The following algorithm, based on Lemma 2.1, can be used to test whether a relation scheme is in PJ/NF by determining whether a JD is implied by the set of key FDs [10] . and PJ/NF, the correct statement is that 5NF is stronger than PJ/NF as we prove in the following theorem. are superkeys and combining this with ø →→S 1 | S 2 and using rule A1 shows that ø → 5NFR since it was shown in [16] to be equivalent to PJ/NF. S 1 and ø → S 2 and so ø → R and hence ø is a superkey which is a contradiction and so Algorithm 1 returns true.
To verify that 5NF is strictly stronger than PJ/NF, Example 3.1 demonstrates a case where a scheme is not in 5NF yet is in PJ/NF since PJ/NF is equivalent to BCNF when the only dependencies are FDs [10] .
Next, we prove that PJ/NF is stronger than 5NFR. 
shown in the previous paragraph, R i must be merged with another set Z ∈ V at some stage of the algorithm to finally produce Y. For this to happen, there must be a candidate key K such that K ⊆ R i ∩ Z and so K ⊆ R i and hence R i is a superkey which completes the proof since R i was arbitrary.
The next example shows that PJ/NF is a strictly stronger condition than 5NFR. 
CONCLUSIONS
In this paper we have investigated the adequacy of the normal form 5NF in relational database design. We demonstrated that it fails to satisfy the requirement that it generalise 4NF and is in fact equivalent to the very stringent requirement that every attribute be a superkey. It was then demonstrated that the source of the difficulty with the 5NF definition is that it requires that all derived JDs, including those with removable components, satisfy the condition that every component is a superkey. We then introduced a restricted class of derived JDs, called strong-reduced JDs, in which no removable components are permitted. It was then shown that if the definition of 5NF is relaxed by requiring that only derived JDs which are strong-reduced satisfy the condition that all of their components are superkeys, a normal form condition that we call 5NFR, then 5NFR satisfies the requirement that it generalises 4NF. It was also shown that 5NFR can be efficiently tested by only checking the JDs in the original set of dependencies, rather than all derived JDs.
The other issue addressed in the paper was the relationship between PJ/NF, the other normal form proposed for JDs, and 5NF and 5NFR. We proved that 5NF is a strictly stronger condition than PJ/NF and PJ/NF is strictly stronger than 5NFR.
In conclusion, the landscape for normal forms for relational database design in the presence of arbitrary JDs is more complex than for the case where all JDs are MVDs and is consistent with other work on the properties of JDs which has shown them to be more intractable than MVDs. For instance, the implication problem is finitely axiomatizable for MVDs [4] but not for JDs [11] . In some related work [18, 19] , we have shown that when the intuitive notion of redundancy is appropriately formalised, the equivalent condition on the scheme which ensures the absence of redundancy is yet another normal form, termed key-complete normal form (KCNF), which is a strictly weaker condition than 5NFR. Thus there are three distinct normal forms for JDs -PJ/NF, 5NFR and KCNF -with each corresponding to a different requirement of database design. PJ/NF corresponds to an absence of key-based update anomalies [9] , 5NFR corresponding to minimisation of storage costs and KCNF corresponding to the elimination of redundancy.
This situation is in contrast to the case where every JD is a MVD when it can be shown that all these normal forms reduce to 4NF [20] .
